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Abstract
Empirical regression discontinuity (RD) studies often use covariates to increase the
precision of their estimates. In this paper, we propose a novel class of estimators that
use such covariate information more eﬃciently than the linear adjustment estimators
that are currently used widely in practice. Our approach can accommodate a possibly
large number of either discrete or continuous covariates. It involves running a standard RD analysis with an appropriately modiﬁed outcome variable, which takes the
form of the diﬀerence between the original outcome and a function of the covariates.
We characterize the function that leads to the estimator with the smallest asymptotic
variance, and show how it can be estimated via modern machine learning, nonparametric regression, or classical parametric methods. The resulting estimator is easy to
implement, as tuning parameters can be chosen as in a conventional RD analysis. An
extensive simulation study illustrates the performance of our approach.
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1. INTRODUCTION
Regression discontinuity (RD) designs are widely used for estimating causal eﬀects from observational data in economics and other social sciences. These designs exploit that in many
contexts a unit’s treatment status is determined by whether its realization of a running variable exceeds some known cutoﬀ value. For example, students might qualify for a scholarship
if their GPA is above some threshold. Under continuity conditions on the distribution of
potential outcomes, the average treatment eﬀect at the cutoﬀ is identiﬁed in such designs by
the size of the jump in the conditional expectation of the outcome given the running variable
at the cutoﬀ. Estimation and inference is then commonly based on local linear regression
techniques (e.g., Hahn et al., 2001; Imbens and Kalyanaraman, 2012; Calonico et al., 2014;
Armstrong and Kolesár, 2020).
An RD analysis generally does not require data beyond the outcome and the running variable, but in practice researchers often use additional covariates, such as socio-demographic
characteristics, to reduce the variance of their empirical estimates. A common strategy is to
include the covariates additively separably and linearly-in-parameters in a local linear RD
regression (Calonico et al., 2019). Such linear adjustment estimators are consistent without
functional form assumptions on the underlying conditional expectations if the covariates are
predetermined, but generally do not exploit the available covariate information eﬃciently.
They are also not able to handle settings in which the number of covariates is large, which
is common when working, for example, with administrative data.
In this paper, we propose a novel class of covariate-adjusted RD estimators that combine linear regression methods with ﬂexible covariate adjustments, possibly based modern
machine learning techniques, to address these issues. To motivate the approach, let Yi and
Zi denote the outcome and covariates, respectively, of observational unit i. Calonico et al.
(2019) show that linear adjustment estimators are asymptotically equivalent to local linear
RD regressions with the modiﬁed outcome variable Yi − Zi⊤ γ, where γ is a vector of projection coeﬃcients. We consider generalizations of such estimators with a modiﬁed outcome of
the form Yi − µ(Zi ), for some generic function µ.
Such estimators are easily seen to be consistent for any ﬁxed µ if the distribution of the
covariates varies smoothly around the cutoﬀ in some appropriate sense, which is compatible
with the notion of covariates being “predetermined”. We also show that their asymptotic
variance is minimized if µ = µ0 is the average of the two conditional expectations of the
outcome variable given the running variable and the covariates just above and below the
cutoﬀ. This optimal adjustment function is generally nonlinear and not known in practice,
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but can be estimated from the data.
Our proposed estimators hence take the form of a local linear RD regression with the
generated outcome Yi − µ
b(Zi ), where µ
b is some estimate of µ0 obtained in a preliminary stage.
We implement such estimators with cross-ﬁtting (e.g., Chernozhukov et al., 2018), which is an
eﬃcient form of sample splitting that removes certain biases and allows us to accommodate
a wide range of estimators of the optimal adjustment function. In particular, one can use
modern machine learning methods like lasso regression, random forests, deep neural networks,
or ensemble combinations thereof, to estimate the optimal adjustment function. However,
researchers can also use classical nonparametric approaches like local polynomials or series
regression; or estimators based on fully parametric speciﬁcations.
Importantly, valid inference on the RD parameter in our setup does not require that µ0
is consistently estimated: our theory only requires that the ﬁrst-stage estimates concentrate
in a mean-square sense around some deterministic function µ̄, which could in principle be
diﬀerent from µ0 , but the rate of this convergence could be arbitrarily slow. Our setup can
allow for this because our proposed RD estimators are very insensitive to estimation errors in
the preliminary stage. This is because they are constructed as sample analogues of a moment
function that contains µ0 as a nuisance function, but does not vary with it: as discussed above,
our parameter of interest is equal to the jump in the conditional expectation of Yi − µ(Zi )
given the running variable at the cutoﬀ for any ﬁxed function µ. This insensitivity property
is related to Neyman orthogonality, which features prominently in many modern two-stage
estimation methods (e.g., Chernozhukov et al., 2018), but it is a global rather than a local
property and is thus in eﬀect substantially stronger.1
Our theoretical analysis speciﬁcally shows that, under the conditions outlined above, our
proposed RD estimator is ﬁrst-order asymptotically equivalent to a local linear RD estimator
with Yi − µ̄(Zi ) as the dependent variable. This result is then used to study its asymptotic
bias and variance, and to derive an asymptotic normality result. The asymptotic variance
of our estimator depends on the function µ̄ and achieves its minimum value if µ̄ = µ0 (that
is, if µ0 is consistently estimated in the ﬁrst stage). We also propose a standard error
that is valid in either case. Note that since our result does not require a particular rate of
1

A moment function is Neyman orthogonal if its ﬁrst functional derivative with respect to the nuisance
function is zero, but the (conditional) moment function on which our estimates are based is fully invariant
with respect to the nuisance function. Chernozhukov et al. (2018) give several examples of setups in which
such a property occurs, which include optimal instrument problems, certain partial linear models, and treatment eﬀect estimation under unconfoundedness when the propensity score is known. Such global insensitivity
is also easily seen to occur more generally in setups with doubly robust (cf. Robins and Rotnitzky, 2001)
moments if one of the nuisance function is known.
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convergence for the ﬁrst step estimate of µ0 , our RD estimator is largely unaﬀected by “curse
of dimensionality”, and can be expected to perform well in settings with many covariates.
Practical issues like bandwidth choice and construction of conﬁdence intervals with good
coverage properties are also rather straightforward in our setting. In particular, our results
justify simply apply existing methods to a data set in which the outcome Yi is replaced
with the generated outcome Yi − µ
b(Zi ), ignoring that µ
b has been estimated. This can easily
be accomplished using existing software packages. In an extensive simulation study, we also
show that our theoretical ﬁndings provide very good approximations to our estimators’ ﬁnite
sample behavior.
These types of results are qualitatively similar those that have been obtained for eﬃcient
inﬂuence function (EIF) estimators of the population average treatment eﬀect in simple
randomized experiments with known and constant propensity scores (e.g., Wager et al., 2016).
Parallels arise because EIF estimators are also based on a moment function that is globally
invariant with respect to a nuisance function. In fact, we argue that our RD estimator is in
many ways a direct analogue of the EIF estimator, and the variance that it achieves under
the optimal adjustment function is also similar in structure to the semiparametric eﬃciency
bound in simple randomized experiments.
Related Literature. Our paper contributes to an extensive literature on estimation and
inference in RD designs; see, e.g., Imbens and Lemieux (2008) and Lee and Lemieux (2010)
for a surveys, and Cattaneo et al. (2019) for a textbook treatment. Diﬀerent ad-hoc methods
for incorporating covariates into an RD analysis have long been used in applied economics
(see, e.g., Lee and Lemieux, 2010, Section 3.2.3). Following Calonico et al. (2019), it has
become common practice to include covariates without localization into the usual local linear
regression estimator. We show that our approach nests this estimator as a special case, but is
generally more eﬃcient. Other closely related papers are Kreiß and Rothe (2021), who extend
the approach in Calonico et al. (2019) to settings with high-dimensional covariates under
sparsity conditions, and Frölich and Huber (2019), who propose to incorporate covariates
into an RD analysis in a fully nonparametric fashion. The latter method is generally quite
aﬀected from the curse of dimensionality, and is thus unlikely to perform well in practice.
Our paper is also related in a more general way to the vast literature on two-step estimation problems with inﬁnite-dimensional nuisance parameters (e.g., Andrews, 1994; Newey,
1994), especially the recent strand that exploits Neyman orthogonal (or debiased) moment
functions and cross-ﬁtting (e.g., Belloni et al., 2017; Chernozhukov et al., 2018). The latter
literature focuses mostly on regular (root-n estimable) parameters, while our RD treatment
4

eﬀect is a non-regular (nonparametric) quantity. Some general results on non-regular estimation based on orthogonal moments are derived in Chernozhukov et al. (2019), and speciﬁc
results for estimating conditional average treatment eﬀects in models with unconfoundedness
are given, for example, in Kennedy et al. (2017), Kennedy (2020) and Fan et al. (2020). Our
results diﬀer from those in these papers because, as explained above, our estimator is based
on a moment function that satisﬁes a property that is stronger than orthogonality.
Plan of the Paper. The remainder of this paper is organized as follows. In Section 2,
we introduce the setup. In Section 3, we describe our proposed covariate-adjusted RD
estimator. In Section 4, we present our main theoretical results. Further results are discussed
in Section 5. Section 6 contains a simulation study. Section 7 concludes.
2. SETUP
In this section, we introduce the model and the parameter of interest. Furthermore, we
discuss estimation of the RD parameter based on local linear regression methods.
2.1. Model and Parameter of Interest. We begin by considering sharp RD designs; see
Section 5.3 for a discussion of fuzzy RD setups. Our object of interest is the causal eﬀect
of a binary treatment on some outcome variable. The data {Wi }i∈[n] = {(Yi , Xi , Zi )}i∈[n] ,
where [n] = {1, . . . , n}, an i.i.d. sample of size n from the distribution of W = (Y, X, Z).
Here, Yi ∈ R is the outcome variable, Xi ∈ R is the running variable, and Zi ∈ Rd is a
vector of covariates. Units receive the treatment if and only if the running variable exceeds
some known threshold, which we normalize to zero without loss of generality. We denote
the treatment indicator by Ti , so that Ti = 1{Xi ≥ 0}. The parameter of interest is the
height of the jump in the conditional expectation of the observed outcome variable given the
running variable at zero:
τ = E[Yi |Xi = 0+ ] − E[Yi |Xi = 0− ],

(2.1)

where we use the notation that f (0+ ) = limx↓0 f (x) and f (0− ) = limx↑0 f (x) are the right
and left limit, respectively, of a generic function f (x) at zero. In a potential outcomes
framework, this parameter coincides with the average treatment eﬀect of units at the cutoﬀ
under standard continuity conditions (Hahn et al., 2001), but we consider estimation of τ as
deﬁned in (2.1).
Throughout the paper, we assume that the distribution of the running variable Xi is ﬁxed,
but we allow the conditional distribution of (Yi , Zi ) given Xi to change with the sample size
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in our asymptotic analysis. In particular, we allow the dimension of Zi to grow with n, but
we generally leave such dependence on n implicit in our notation.
2.2. Standard RD Estimator. In RD designs without covariates the parameter of interest
is typically estimated by running a local linear regression (Fan and Gijbels, 1996) on each
side of the cutoﬀ. That is, the estimator takes the form
τb(h) =

e⊤
1

argmin
β∈R4

n
X

Kh (Xi )(Yi − (Ti , Xi , Ti Xi , 1)⊤ β)2 ,

(2.2)

i=1

where K(·) is a kernel function with support [−1, 1], h > 0 is a bandwidth, Kh (v) =
K(v/h)/h, and e1 = (1, 0, 0, 0)⊤ is the ﬁrst unit vector. This estimator can also be written as a weighted sum of the realizations of the outcome variable,
τb(h) =

n
X

wi (h)Yi ,

i=1

with weights wi (h) that depend on the data through the realizations of the running variable
only; see Appendix A.1 for an explicit expression. Under standard assumptions, which
include that the running variable is continuously distributed, and that the bandwidth tends
to zero at an appropriate rate, the estimator τb(h) is approximately normally distributed in
large samples, with bias of order h2 and variance of order (nh)−1 :


ν̄
a
τb(h) ∼ N τ + h2 ∂x2 E[Yi |Xi = x]|x=0+ − ∂x2 E[Yi |Xi = x]|x=0− ,
2

(2.3)
1 κ̄
+
−
(V[Yi |Xi = 0 ] + V[Yi |Xi = 0 ]) ,
nh fX (0)
where ν̄ and κ̄ are kernel constants, and fX denotes the density of Xi .2
3. COVARIATE-ADJUSTED RD ESTIMATOR
In this section, we describe our proposed procedure. We begin with a brief overview and
then motivate and describe the estimator more formally. We also discuss its relationship to
existing procedures, and its analogy to eﬃcient estimation in randomized experiments.
2

The continuity of the running variable’s density fX around the cutoﬀ that is implied by this expression
is strictly speaking not needed to derive a normality result like (2.3). However, a jump in fX at the cutoﬀ
is typically taken as an indication that the assumptions that justify interpreting τ as a causal parameter are
unlikely to be satisﬁed (McCrary, 2008; Gerard et al., 2020). We therefore focus on the case where fX is
continuous in this paper.
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3.1. Overview. We ﬁrst give a brief overview of our proposed procedure and the theoretical
results we derive for it. The general idea is to run a conventional sharp RD estimator with
a modiﬁed dependent variable that is estimated from the data, using cross-ﬁtting to allow
for a wide range of methods. Speciﬁcally, this involves the following two steps:
1. Randomly split the data {(Yi , Xi , Zi )}i∈[n] into S folds of (roughly) equal size. For
+
s ∈ [S], let µ
b+
b−
s (z) and µ
s (z) be generic estimates of E[Yi |Xi = 0 , Zi = z] and
E[Yi |Xi = 0− , Zi = z] that use all the data but that in the sth fold. These estimates
could be obtained via simple parametric approaches like linear regression, classical
semi-nonparametric regression techniques, or modern machine learning methods.
2. Put µ
bs(i) (Zi ) = (b
µ+
b−
s(i) (Zi ) + µ
s(i) (Zi ))/2, where s(i) denotes the fold that contains
observation i, write Mi (µ) = Yi − µ(Zi ), and estimate τ by
τbCF (h; µ
b) =

n
X

wi (h)Mi (b
µs(i) ).

(3.1)

i=1

We motivate this estimator in Section 3.2 as a generalization of the linear adjustments
in Calonico et al. (2019), and show in Section 3.6 that the latter are indeed a special case
of our approach (except for cross-ﬁtting). In Section 5.2, we also show that our estimator is
conceptually analogous to an eﬃcient inﬂuence function estimator of the population average
treatment eﬀect in a randomized experiment with constant propensity score.
Our theoretical analysis in Section 4 then establishes that, under rather weak regularity
conditions, the estimator τbCF (h; µ
b) is asymptotically equivalent to a version of it that uses
the variable Mi (µ̄) as the outcome, where µ̄(Zi ) = (µ̄+ (Zi )+ µ̄− (Zi ))/2, and µ̄+ (z) and µ̄− (z)
are deterministic approximations of µ
b+
b−
s (z) and µ
s (z), respectively, whose error vanishes in
large samples in some appropriate sense. In view of (2.3), it thus holds that


ν̄
a
τbCF (h; µ
b) ∼ N τ + h2 ∂x2 E[Mi (µ̄)|Xi = x]|x=0+ − ∂x2 E[Mi (µ̄)|Xi = x]|x=0− ,
2

1 κ̄
+
−
(V[Mi (µ̄)|Xi = 0 ] + V[Mi (µ̄)|Xi = 0 ]) .
nh fX (0)
We also show that the asymptotic variance in this last equation is minimized if µ̄+ (z) and
µ̄− (z) coincide with E[Yi |Xi = 0+ , Zi = z] and E[Yi |Xi = 0− , Zi = z], respectively, but the
above approximation still holds if that is not the case. Bandwidth choice and inference can
thus be carried out by applying standard methods to an RD design with outcome Mi (b
µs(i) )
and ignoring the sampling uncertainty about the estimate of µ0 .
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3.2. Motivating Covariate-Adjusted Outcome Variables. It is common practice in
empirical work to include additional pretreatment covariates linearly and without localization
into the regression (2.2). While such linear adjustments typically reduce the variance of the
ﬁnal RD estimator, there are potentially more eﬃcient ways to exploit covariate information
for inference. To motivate our procedure, note that Calonico et al. (2019) show a linear
adjustment estimator is asymptotically equivalent to an RD estimator of the form in (2.2)
that uses the modiﬁed outcome variable Yi − γ ⊤ Zi instead of Yi , with γ a certain vector of
linear projection coeﬃcients. Our approach is to directly implement an RD estimator with
a covariate-adjusted outcome, but for a much more general class of adjustments. That is,
one could consider estimators of the form
τb(h; µ) =

n
X

wi (h)Mi (µ),

Mi (µ) = Yi − µ(Zi ),

(3.2)

i=1

where µ is a function to which we refer in the following as the adjustment function.
One of our key assumptions ensures that such estimators are consistent. Intuitively, it
states that the conditional distribution of the covariates given the running variable changes
smoothly around the cutoﬀ; see Section 4 for a precise statement. This condition formalizes
the idea of the covariates being determined prior to treatment assignment, which is also
needed with other approaches to covariate adjustment (Calonico et al., 2019). It implies
that E [µ(Zi )|Xi = x] is continuous in x on X for all n and all suitably integrable functions
µ, which in turn implies that
τ = E[Mi (µ)|Xi = 0+ ] − E[Mi (µ)|Xi = 0− ]

(3.3)

for all such suitable functions µ. That is, we can exchange the outcome variable Yi in the
deﬁnition of τ in (2.1) for Mi (µ) without aﬀecting the validity of the equation. The term on
the right-hand-side of (3.3) is a moment function that identiﬁes τ , but is globally insensitive
to variation in µ. This property is key for our theoretical results below.
3.3. Optimal Adjustment Function. In view of (2.3), the leading bias of the estimator
τb(h; µ) depends on µ only through a term that is proportional to
∂x2 E[µ(Zi )|Xi = x]|x=0+ − ∂x2 E[µ(Zi )|Xi = x]|x=0− .
With our assumption that the distribution of the covariates varies smoothly around the
cutoﬀ, we expect this term to show little variation in µ, or even not to depend on µ at all.
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We therefore consider choosing the function µ in (3.2) such that the asymptotic variance of
τb(h; µ) is as small as possible. Again in view of (2.3), to achieve this, it suﬃces to minimize
V[Mi (µ)|Xi = 0+ ] + V[Mi (µ)|Xi = 0− ].

(3.4)

Our assumption that the conditional distribution of the covariates given the running variable
changes smoothly around the cutoﬀ also implies that V [µ(Zi )|Xi = x] is continuous in x on
X for all n and µ. Simple algebra then shows that (3.4) is minimized by the function
µ0 (z) =


1 +
µ0 (z) + µ−
(z)
,
0
2

µ⋆0 (z) = E[Yi |Xi = 0⋆ , Zi = z] for ⋆ ∈ {+, −}.

(3.5)

That is, the optimal adjustment function µ0 is the equally-weighted average of the left and
right limit of the “long” conditional expectation function E[Yi |Xi = x, Zi = z] at the cutoﬀ
−
value x = 0. To see this, let R(µ) = V[µ+
0 (Zi ) − µ(Zi )|Xi = 0] + V[µ0 (Zi ) − µ(Zi )|Xi = 0],
and note that (3.4) is equal to
+
−
−
V[Mi (µ+
0 )|Xi = 0 ] + V[Mi (µ0 )|Xi = 0 ] + R(µ).

Since the ﬁrst two terms on the right-hand side of the previous equation do not depend on µ,
it suﬃces to minimize R(µ). The ﬁrst and second summand in the deﬁnition of R(µ) could
−
be set to zero separately by choosing µ as µ+
0 or µ0 , respectively. Since
R(µ) = R(µ0 ) + 2V[µ0 (Zi ) − µ(Zi )|Xi = 0] ≥ R(µ0 ),
it turns out that the full sum is minimized by the average µ0 of these two functions. Note
that (3.4) is also minimized by c + µ0 for any constant c ∈ R.3
3.4. Estimator. We propose to estimate the RD parameter τ by a feasible version of the
estimator τb(h; µ0 ) based on a preliminary estimate of the function µ0 deﬁned in (3.5). Typically this preliminary estimate will be obtained by averaging separate estimates of µ+
0 and
−
µ0 , which can be obtained by any method deemed suitable for estimating such conditional
expectations in the respective empirical context. Given the large data sets commonly encountered in empirical RD applications these days, modern machine learning tools are an
attractive option for this task. However, researchers could also opt for simple parametric
approaches like linear regression, or classical nonparametric regression (we discuss this in
We obtain the same result if we consider the asymptotic variance of the estimator τb(h(µ); µ), with h(µ)
the bandwidth that minimizes a performance criterion that involves a ﬁrst-order bias-variance trade-oﬀ, like
the asymptotic mean squared error.
3
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more detail in the next subsection).
Cross-ﬁtting (see, e.g., Chernozhukov et al., 2018) allows us to accommodate any of the
just-mentioned methods. It is an eﬃcient form of sample splitting that removes certain
biases, and allows for a theoretical analysis that requires only weak assumptions about
the preliminary estimate of µ0 . Cross-ﬁtting would not be required for simple ﬁrst-stage
−
estimators, such as those based on linear regression speciﬁcations of µ+
0 or µ0 , but we still
maintain it to keep a uniﬁed treatment.
To explain the cross-ﬁtting procedure, let µ
b(z; {Wi }i∈[n] ) be the researcher’s preferred
estimator of µ0 , calculated on the full sample. We then split the data randomly into S
disjoint folds, collecting the corresponding indices in sets denoted Is , for s ∈ [S]. For s ∈ [S],
we deﬁne the complement of fold Is as Isc = [n]\Is ; and we let s(i) denote the index of the fold
containing observation i, so that i ∈ s(i). Then µ
bs (z) = µ
b(z; {Wi }i∈Isc ) is the estimator of
µ0 (z) that uses all data points except those in the sth fold. Our proposed covariate-adjusted
cross-ﬁtting estimator of τ is then given by
τbCF (h; µ
b) =

n
X

wi (h)Mi (b
µs(i) ),

(3.6)

i=1

where Mi (b
µs(i) ) = Yi − µ
bs(i) (Zi ) is the covariate-adjusted outcome variable generated from the
ﬁrst-stage estimate of µ0 based on data from the folds that do not contain the ith observation.
In practice, S = 5 or S = 10 are common choices for the number of folds.
3.5. Examples of Covariate Adjustments. A wide range of methods can be used in our
framework to estimate the adjustment function µ0 . As mentioned in the overview, such
estimates do not have to be consistent for µ0 in order for τbCF (h; µ
b) to be consistent for τ ,
making correct speciﬁcation a more minor concern. This is essentially a consequence of the
fact that (3.3) holds for any adjustment function, not just the optimal one. For eﬃciency,
however, it is of course desirable to estimate µ0 as accurately as possible. We generally focus
on estimates of the form
µ
bs (z) = (b
µ+
b−
s (z) + µ
s (z))/2,
+
−
+
with µ
b+
b−
s (z) and µ
s (z) being estimates of µ0 (z) = E[Yi |Xi = 0 , Zi = z] and µ0 (z) =
E[Yi |Xi = 0− , Zi = z], respectively. The following examples mention general types of procedures by which the estimates of the latter two quantities can be obtained.

Example 1 (Machine Learning). Machine learning methods, such as lasso or post-lasso
regression, random forests, deep neural networks, boosting, or ensemble combinations thereof,
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are well-suited for estimating conditional expectation functions of the form E[Yi |Xi = x, Zi =
z] if they fall into the class of functions that such methods are designed to approximate.
Such estimates are not naturally guaranteed to be very accurate for a particular value of x.
However, such methods can be adapted to this task, for example, by restricting the respective
algorithm to a subset of the data that only contains units whose realization of the running
variable falls within some window on either side of the cutoﬀ. To more formally describe
b i |Zi = z; {Wi : i ∈ [n]}] be a generic machine learning estimator of E[Yi |Zi = z]
this, let E[Y
computed on the full data, and let b > 0 be some positive bandwidth. Then we can put
c
c
b
b
µ
b+
b−
s (z) = E[Yi |Zi = z; {Wi : i ∈ Is , Xi ∈ (0, b)}], and µ
s (z) = E[Yi |Zi = z; {Wi : i ∈ Is , Xi ∈
(−b, 0)}]. The choice of b involves a bias-variance trade-oﬀ similar to the one encountered in
classical nonparametric kernel regression problems.4
Example 2 (Classical Nonparametric Regression). Under appropriate smoothness conditions, one can also use classical nonparametric regression techniques to estimate µ+
0 and
−
µ0 , with local polynomial regression being particularly suitable due to their good boundary
properties. Series estimators are another possibility, but they can exhibit erratic behavior
near the boundary in RD-type problems (Gelman and Imbens, 2019). One can address such
issues, which appear analogously for other global smoothers, using the strategy described in
the previous example.
Example 3 (Ordinary Least Squares). In principle, one can also obtain estimates of µ0
by specifying a simple parametric model for E[Yi |Xi = x, Zi = z], such as linear regression
model with interactions that imply separate ﬁts for units above and below the cutoﬀ. We
consider such estimators below mostly to illustrate that under the shape restriction they
imply one can substantially weaken some of the assumptions used in our theoretical analysis,
but some practitioners might ﬁnd them attractive due to their simplicity.
3.6. Relationship to Calonico et al. (2019). As mentioned above, Calonico et al. (2019)
study an estimator of τ based on including covariates linearly and without localization into
the regression (2.2):
τbCCF T (h) = e⊤
1 argmin
β,γ

n
X

Kh (Xi )(Yi − (Ti , Xi , Ti Xi , 1)β − Zi⊤ γ)2 .

(3.7)

i=1

4

For machine learning methods that are able to handle weighted data, such a restriction of the sample
corresponds to assigning kernel weights based on a uniform kernel. With such methods, one could also use
any other kernel weighting scheme, such as one based on the triangular kernel.
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This estimator can be interpreted as a special case of our procedure that does not use
cross-ﬁtting. Speciﬁcally, let γ
bh denote the minimizer with respect to γ in (3.7), and put
+
−
⊤
µ
bCCF T (Zi ) = µ
bCCF T (Zi ) = Zi γ
bh , so that an estimate of µ0 is given by µ
bCCF T (Zi ) = Zi⊤ γ
bh .
Then, by simple least squares algebra, we see that
τbCCF T (h) =

n
X

wi (h)Mi (b
µCCF T )

i=1

ﬁts into our general framework. The estimator τbCCF T (h) can thus be interpreted as a version
of our procedure that implicitly imposes the (generally incorrect) speciﬁcation that µ+
0 (z) =
⊤
µ−
0 (z) = c + z γ0 for some vector of coeﬃcients γ0 and some constant c. We stress again that
−
correct speciﬁcation of µ+
0 and µ0 is not required for such an estimator of τ to be consistent.
4. MAIN RESULTS
In this section, we study the theoretical properties of our proposed estimators.
4.1. Assumptions. Most of the conditions we impose are either standard in the RD literature, or concern the general properties of the ﬁrst-stage estimator µ
b. To describe them, we
ﬁrst introduce some notation. We denote the support of Zi by Z, and the support of Xi by
X . We also let Xh = X ∩ [−h, h] and Zh = supp(Zi |Xi ∈ Xh ). We also deﬁne the following
class of functions that satisfy a suitable integrability condition:
n
o
M = µ : Z → R s.t. sup E[µ(Zi )2+δ |Xi = x] < ∞ for some δ > 0 .
x∈X

Assumption 1. The distribution of Zi given Xi = x converges setwise to the same limit as
x tends to zero from either above or below. That is, P[Zi ∈ B|Xi = 0+ ] = P[Zi ∈ B|Xi =
0− ] ≡ P[Zi ∈ B|Xi = 0] for all Borel sets B.
Assumption 1 formalizes the notion that the conditional distribution of the covariates
does not change “much” with the value of the running variable around the cutoﬀ. This
matches the idea that the covariates are determined prior to the treatment assignment. The
key implications of Assumption 1 for our analysis are that E[µ(Zi )|Xi = x] and E[µ(Zi )2 |Xi =
x] are continuous at x = 0 for all adjustment functions µ ∈ M.5
If one imposes further restrictions on the elements of M, continuity of E[µ(Zi )|Xi = x] and E[µ(Zi )2 |Xi =
x] also follows under weaker conditions on the conditional distribution of Zi given Xi . If M contained
only continuous functions, for example, then setwise convergence in Assumption 1 could be replaced with
convergence in distribution. If M contained only linear functions, then continuity of the ﬁrst two conditional
moments of Zi |Xi = x would be suﬃcient for obtaining our results.
5
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Assumption 2. (i) Xi is continuously distributed with density fX , which is continuous and
bounded away from zero over an open neighborhood of the cutoﬀ; (ii) The kernel function K
is a bounded and symmetric density function that is continuous on its support, and equal to
zero outside some compact set, say [−1, 1]; (iii) The bandwidth satisﬁes h → 0 and nh → ∞
as n → ∞.
Assumption 2 collects some standard conditions from the RD literature. Note that
continuity of the running variable’s density fX around the cutoﬀ is strictly speaking not
required for an RD analysis. However, a discontinuity in fX is typically considered to be an
indication of a design failure that prevents τ from being interpreted as a causal parameter
(McCrary, 2008; Gerard et al., 2020). For this reason, we focus on the case of a continuous
running variable density in this paper.
Assumption 3. For all n ∈ N, there exist a set Tn ⊂ M and a function µ̄ ∈ Tn such that:
(i) µ
bs belongs to Tn with probability approaching 1 for all s ∈ [S]; (ii) it holds that:


sup sup E (µ(Zi ) − µ̄(Zi ))2 |Xi = x = O(rn2 )

µ∈Tn x∈Xh

for some deterministic sequence rn = o(1).
Assumption 3 states that the ﬁrst-stage estimator belongs with high probability to some
realization set Tn ⊂ M that contracts around a deterministic sequence of functions in an
L2 sense (the supremum is taken over Xh instead of X as the properties of the ﬁrst stage
estimator are only relevant for observations that are used in the second-stage local linear
regression). This assumption is rather weak, as it does not impose any conditions on the
speed at which µ
b concentrates around µ̄, and also allows the function µ̄ to be diﬀerent from
the target function µ0 . The latter aspects allows, for example, to base µ
b on a speciﬁed
parametric model of µ0 .
Mean-square error consistency as prescribed in Assumption 3 follows under classical
conditions for the parametric and nonparametric procedures mentioned in Examples 2 and 3
above for settings in which the dimension of Z is ﬁxed. For the type of implementation of
machine learning estimators of µ0 described in Example 1, existing results imply that for
ﬁxed b > 0 it holds that


sup E (µ(Zi ) − µ̄(Zi ))2 |Xi ∈ (−b, b) = O(rn2 ),

(4.1)

µ∈Tn

with µ̄(z) = (E[Yi |Xi ∈ (−b, 0), Zi = z] + E[Yi |Xi ∈ (0, b), Zi = z])/2 and some rn = o(1).
13

For example, if µ̄(z) is contained in a Hölder class of order s, then (4.1) can hold with
rn2 = n−2s/(2s+d) for estimators that exploit smoothness. If µ̄(z) is s-sparse, then (4.1)
can hold with rn2 = n−s log(d)/n for estimators that exploit sparsity. Assumption 3 follows
from (4.1) if the conditional distribution of the covariates does not change “too quickly” when
moving away from the cutoﬀ. For example, if the covariates are continuously distributed
conditional on the running variable, having that
sup sup
x∈Xh z∈Zh

fZ|X (z|x)
< C,
fZ|X∈(−b,b) (z)

for some constant C and all n suﬃciently large, suﬃces. Similar conditions can be given for
discrete conditional covariate distributions, or intermediate cases. If E[Yi |Xi = x, Zi = z] is
suﬃciently smooth in x on both sides of the cutoﬀ, we can also expect that µ̄ is “close” to
µ0 for small values of b.
Assumption 4. For all n ∈ N and j ∈ {1, 2}, it holds that:
sup

sup

µ∈Tn x∈Xh \{0}

∂xj E [µ(Zi ) − µ̄(Zi )|Xi = x] = O(rn ).

for rn = o(1) as in Assumption 3.
Assumption 4 also concerns the ﬁrst-stage estimator, and requires the ﬁrst and second
derivatives of E [µ(Zi ) − µ̄(Zi )|Xi = x] to be close to zero in large samples for all µ ∈ Tn .
This can easily be veriﬁed if the functions contained in Tn have a suﬃciently simple structure.
For example, if µ(z) is linear for all µ ∈ Tn , then Assumption 4 holds if each component
of E[Zi |Xi = x] is twice continuously diﬀerentiable on X \ {0}. Without imposing any
structure on the functions contained in Tn , Assumption 4 also follows from Assumption 3
and restrictions on the conditional distribution of Zi given Xi . To give an example, suppose
that (i) Assumption 3 holds; (ii) conditions allowing an application of dominated convergence
are satisﬁed, so that
Z
j
∂x E[µ(Zi ) − µ̄(Zi )|Xi = x] = (µ(z) − µ̄(z))∂xj fZ|X (z|x)dz;
(4.2)
and (iii) that

"
sup
x∈Xh \{0}

E

∂xj fZ|X (Zi |x)
fZ|X (Zi |x)

2

#
Xi = x < C

(4.3)

for some constant C; for all n that are suﬃciently large and for j ∈ {1, 2}. Then it follows
from simple algebra that Assumption 4 holds. The integrability condition (4.3) itself holds,
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for example, if the conditional density fZ|X (z|x) is bounded away from zero and ∂xj fZ|X (z|x)
is bounded for j ∈ {1, 2} uniformly in x and z. Simple calculations show that it also holds
in a normal location model with twice continuously diﬀerentiable conditional expectation
function. We note that it is straightforward to allow for diﬀerent convergence rates in
Assumptions 3 and 4 at the cost of slightly more involved notation. However, based on the
above reasoning, we expect these rates to be the same in all relevant settings.
Assumption 5. There exist constants C and L such that the following conditions hold
for all n ∈ N. (i) E[Mi (µ̄)|Xi = x] is twice continuously diﬀerentiable on X \ {0} with
L-Lipschitz continuous second derivative bounded by C; (ii) For all x ∈ X and some q > 2
E[(Mi (µ̄) − E[Mi (µ̄)|Xi ])q |Xi = x] exists and is bounded by C; (iii) V[Mi (µ̄)|Xi = x] is
L-Lipschitz continuous and bounded from below by 1/C for all x ∈ X \ {0}.
Assumption 5 is standard for an RD analysis with Mi (µ̄) as the outcome variable. Part (i)
is satisﬁed if E[Yi |Xi = x] and E[µ̄(Zi )|Xi = x] are twice continuously diﬀerentiable to the
left and to the right of the cutoﬀ, but it does not require continuity of the derivatives of
E[µ̄(Zi )|Xi = x] at the cutoﬀ. This assumption is thus analogous to one in Calonico et al.
(2019), who impose that E[Zi |Xi = x] is thrice continuously diﬀerentiable to the left and to
the right of the cutoﬀ but not necessarily at the cutoﬀ. In our theoretical analysis below,
imposing full continuity of ∂x2 E[µ̄(Zi )|Xi = x] around the cutoﬀ would simplify the formula
for the asymptotic bias of our estimator. Parts (ii) and (iii) of Assumption 5 impose standard
restrictions on conditional moments of the outcome variable.
4.2. Main Results. In this section, we study the asymptotic properties of our estimator.
R∞
We deﬁne the following kernel constants: ν̄ = (ν̄22 − ν̄1 ν̄3 )/(ν̄2 ν̄0 − ν̄12 ) and κ̄ = 0 (k(v)(ν̄1 v −
R∞
ν̄2 ))2 dv/(ν̄2 ν̄0 − ν̄12 )2 , where ν̄j = 0 v j k(v)dv.
Theorem 1. (i) Suppose that Assumptions 1–4 hold. Then
b) = τb(h; µ̄) + Op (rn (h2 + (nh)−1/2 )).
τbCF (h; µ
(ii) Suppose that additionally Assumption 5 holds. Then
√


nh V (µ̄)−1/2 τbCF (h; µ
b) − τ − B(µ̄)h2 → N (0, 1),
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where
ν̄ 2
∂ E[Mi (µ̄)|Xi = x] x=0+ − ∂x2 E[Mi (µ̄)|Xi = x]
2 x

κ̄
V[Mi (µ̄)|Xi = 0+ ] + V[Mi (µ̄)|Xi = 0− ] .
V (µ̄) =
fX (0)

B(µ̄) =


x=0−

+ o(1),

(iii) For any two functions µ(a) , µ(b) ∈ M, it holds that V (µ(a) ) < V (µ(b) ) if and only if
V[µ0 (Zi ) − µ(a) (Zi )|Xi = 0] < V[µ0 (Zi ) − µ(b) (Zi )|Xi = 0]
Part (i) of Theorem 1 is our key technical result. It shows that our proposed estimator
is asymptotically equivalent to its infeasible analogue that replaces the estimator µ
b with the
deterministic sequence µ̄. The accuracy of this approximation increases with the rate at
which rn tends to zero, i.e., with the rate at which µ
b concentrates around µ̄. We emphasize
however that this ﬁrst-order asymptotic equivalence holds even if the ﬁrst-stage estimator
converges arbitrarily slowly. The estimator τbCF (h; µ
b) is this insensitive to sampling variation
in µ
b because it is a sample analogue of the moment function (3.3), which states that
τ = E[Mi (µ)|Xi = 0+ ] − E[Mi (µ)|Xi = 0− ],
and this moment function is fully insensitive to variation in µ over M. Moment functions
with a local form of insensitivity with respect to a nuisance function, so called Neyman
orthogonality, are used extensively in the recent literature on two-stage estimators that use
machine learning in the ﬁrst stage (e.g. Belloni et al., 2017; Chernozhukov et al., 2018).
Our RD setup is specially because it gives rise to a moment function with the above-stated
global insensitivity, which is much stronger and allows for example estimates of the nuisance
function µ0 to be potentially inconsistent (as discussed in Section 5.2, a similarly globally
insensitive moment function exists, for example, in certain randomized experiments).
Part (i) of Theorem 1 also suggests that we can use existing methods for bandwidth choice
and inference in our setup by applying them to the generated data set {(Xi , Mi (b
µs(i) )) : i ∈
[n]}, and ignoring sampling uncertainty originating from µ
b. For instance, one could use
the method in Imbens and Kalyanaraman (2012) for bandwidth choice, or the methods in
Calonico et al. (2014) or Armstrong and Kolesár (2020) to construct conﬁdence intervals
for τ . Such methods should retain their general theoretical properties under a combination
of their original and our assumptions. We give a speciﬁc result for standard error estimation
in Appendix B.
Part (ii) of Theorem 1 shows that our estimator is asymptotically normal, and gives
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explicit expressions for its asymptotic bias and variance. We remark that the bias expression
simpliﬁes substantially if we strengthen Assumption 5(i) and impose that ∂x2 E[µ̄(Zi )|Xi = x]
is continuous not only on each side of the cutoﬀ, but also at the cutoﬀ (for all n ∈ N). In
this case, we have that
B(µ̄) =


ν̄ 2
∂x E[Yi |Xi = x]|x=0+ − ∂x2 E[Yi |Xi = x]|x=0− + o(1),
2

whose leading term is identical to that of the “no covariates” RD estimator’s bias, and does
not depend on the function µ̄.
Part (iii) of Theorem 1 gives conditions for one adjustment function to yield a smaller
asymptotic variance than another. It implies in particular V (µ) ≥ V (µ0 ) for all functions
µ ∈ M, and thus that our estimator achieves its minimum asymptotic variance if µ̄ = µ0 .
It also shows that even if µ̄ ̸= µ0 , our proposed covariate adjustments still yield eﬃciency
gains relative to a standard RD estimator that ignores the covariates in a very wide range of
settings. In particular, denoting the asymptotic variance of the “no covariates” estimator by
V (0), we have that V (µ̄) < V (0) if and only if V[µ0 (Zi ) − µ̄(Zi )|Xi = 0] < V[µ0 (Zi )|Xi = 0],
i.e. whenever µ̄(Zi ) has some explanatory power for µ0 (Zi ) among units near the cutoﬀ.
5. FURTHER RESULTS AND DISCUSSIONS
In this section, we discuss a variation of cross-ﬁtting and an extension to fuzzy RD designs.
5.1. Other Implementation of Cross-Fitting. When cross-ﬁtting is used in other context,
a popular type of implementation is to create an overall estimate of the parameter of interest
by averaging separate estimates from each data fold. In our context, such an estimator would
be given by
1 XX
wi,s (h)Mi (b
µs ),
τeCF (h, µ
b) =
S
i∈I
s∈[S]

s

where wi,s (h) is the local linear regression weight of unit i based on the s-th fold of the
data, which depends on the data through the realizations of the running variable only; see
Appendix A.1 for an explicit expression (one could also have diﬀerent bandwidths in each
fold of the data). It follows from the proof of Theorem 1 that this estimator is asymptotically
equivalent to our proposed procedure. That is,
τeCF (h, µ
b) − τbCF (h, µ
b) = OP (rn (h2 + (nh)−1/2 )).
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An analogous point is made by Chernozhukov et al. (2018) in the context of the (unconditional) average treatment eﬀect estimation; cf. their methods DML1 and DML2. By inspecting the proof of Theorem 1, we can see that the expansion of τbCF (h, µ
b) − τb(h, µ̄) contains
an extra bias term relative to an expansion of τeCF (h, µ
b) − τb(h, µ̄). However, this term is of
2
−1/2
smaller order than OP (rn (h + (nh)
)) and hence it does not aﬀect our ﬁrst-order asymptotic equivalence result. We prefer our proposed implementation because despite the small
additional bias because it allows existing routines for bandwidth selection and conﬁdence
interval construction to be applied directly to the modiﬁed data {(Mi (b
µs(i) ), Xi )}i∈[n] .
5.2. Analogies with Randomized Experiments. The results in Section 4 are qualitatively
very similar to ones that have been obtained for eﬃcient inﬂuence function (EIF) estimators
of the population average treatment eﬀect (PATE) in randomized experiments with constant
propensity scores (e.g., Wager et al., 2016; Chernozhukov et al., 2018). Such parallels arise
because our covariate-adjusted RD estimator is in many ways a direct analogue of such EIF
estimators. To see this, consider the following sketch of the latter’s properties.
Consider a randomized experiment with unconfounded treatment assignment and constant propensity score p. Using our notation in an analogous fashion, the EIF of the PATE
in such a setup is typically given in the literature (e.g., Hahn, 1998) in the form
ψi (m00 , m10 ) = m10 (Zi ) − m00 (Zi ) +

Ti (Yi − m10 (Zi )) (1 − Ti )(Yi − m00 (Zi ))
−
,
p
1−p

where mt0 (z) = E[Yi |Zi = z, Ti = t] for t ∈ {0, 1}. The minimum variance any regular estimator of the PATE can achieve is thus given by VPATE = V(ψi (m00 , m10 )). By randomization, it
also holds τPATE = E[ψi (m0 , m1 )] for all (suitably integrable) functions m0 and m1 , and thus
the PATE is identiﬁed by a moment function that satisﬁes a global invariance property. A
sample analogue estimator of τPATE based on this moment function reaches has asymptotic
variance VPATE if m
b t is a consistent estimator of mt0 for t ∈ {0, 1}, but remains consistent
and asymptotically normal with asymptotic variance V(ψi (m̄0 , m̄1 )) if m
b t is consistent for
some other function m̄t , t ∈ {0, 1}. The convergence of m
b t to m̄t can be arbitrarily slow for
these results (e.g. Wager et al., 2016; Chernozhukov et al., 2018). These ﬁndings are clearly
similar to ours in Section 4.
To see the analogy to our RD setup, note that if we write m(z) = (1 − p)m1 (z) + p m0 (z)
for any two functions m0 and m1 , so that m0 (z) = (1 − p)m10 (z) + p m00 (z), the PATE’s
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inﬂuence function can also be expressed as
ψi (m00 , m10 ) =

Ti (Yi − m0 (Zi )) (1 − Ti )(Yi − m0 (Zi ))
−
.
p
1−p

The globally insensitive moment function E[ψi (m0 , m1 )] on which the EIF estimat is based
can thus be written as
E[ψi (m0 , m1 )] = E[Yi − m(Zi )|Ti = 1] − E[Yi − m(Zi )|Ti = 0],
which is the diﬀerence in average covariate-adjusted outcomes between treated and untreated
units. This is fully analogous to our equation (3.3), with p = 1/2, and conditioning on Ti = 1
and Ti = 0 replaced by conditioning on Xi in inﬁnitesimal right and left neighborhoods of
the cutoﬀ. The value p = 1/2 is appropriate here because continuity of the running variable’s
density implies that an equal share of units close to the cutoﬀ can be found on either side.
An EIF estimator of τPATE is thus analogous to our estimator τbCF (h; µ
b), as they are both
sample analogues a moment function with the same basic properties. We also note that with
p = 1/2 it holds that
VPATE = 2 × (V[Yi − m0 (Zi )|Ti = 1] + V[Yi − m0 (Zi )|Ti = 0]),
which is analogous to our formula for V (µ0 ) in Section 4.
5.3. Fuzzy RD Designs. In fuzzy RD designs, units are assigned to treatment if their
realization of the running variable falls above the threshold value, but they do not necessarily
comply with this assignment. The conditional treatment probability hence jumps at the
cutoﬀ, but in contrast to sharp RD designs it generally does not jump from zero to one. The
parameter of interest in fuzzy RD designs is
τY
E[Yi |Xi = 0+ ] − E[Yi |Xi = 0− ]
≡
,
θ=
τT
E[Ti |Xi = 0+ ] − E[Ti |Xi = 0− ]
which is the ratio of two sharp RD estimands. Under standard conditions (Hahn et al., 2001;
Dong, 2017), one can interpret θ as the average causal eﬀect of the treatment among units at
the cutoﬀ whose treatment decision is aﬀected by whether their value of the running variable
is above or below the cutoﬀ.
Building on our proposed method, we can estimate θ by the ratio of two sharp, covariate-
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adjusted RD estimators:
Pn
wi (h)(Yi − µ
bY,s(i) (Zi ))
τ
b
b
)
CF,Y (h, µ
Y
θbCF (h; µ
bY , µ
bT ) =
= Pni=1
,
τbCF,T (h, µ
bT )
bT,s(i) (Zi ))
i=1 wi (h)(Ti − µ
where the notation is analogous to that used before, with the subscripts Y and T indicating
the respective outcome variable. That is, µ
bY denotes an estimate of µY,0 (z) = (E[Yi |Xi =
+
−
0 , Zi = z]+E[Yi |Xi = 0 , Zi = z])/2, and µ
bT is an estimate of µT,0 (z) = (E[Ti |Xi = 0+ , Zi =
z] + E[Ti |Xi = 0− , Zi = z])/2, etc. If |τT | is bounded away from zero and Assumptions 1–
5 hold with Ti replacing Yi , it then follows from Theorem 1 and the Delta method that
θbCF (h; µ
bY , µ
bT ) − θ is asymptotically equivalent to a sharp RD estimator with the infeasible
outcome variable
Ui (µ̄Y , µ̄T ) =

1
(Yi − θTi − (µ̄Y (Zi ) − θµ̄T (Zi ))) ,
τT

which in turn implies that
√

nh Vθ (µ̄Y , µ̄T )

−1/2




2
b
θCF (h; µ
bY , µ
bT ) − θ − Bθ (µ̄Y , µ̄T )h → N (0, 1),

where
ν̄ 2
∂x E[Ui (µ̄Y , µ̄T )|Xi = x] x=0+ − ∂x2 E[Ui (µ̄Y , µ̄T )|Xi = x]
2

κ̄
V[Ui (µ̄Y , µ̄T )|Xi = 0+ ] + V[Ui (µ̄Y , µ̄T )|Xi = 0− ] .
Vθ (µ̄Y , µ̄T ) =
fX (0)

Bθ (µ̄Y , µ̄T ) =


x=0−

+ o(1),

It is also easily seen that Vθ (µY , µT ) is minimized by the function pair (µY,0 , µT,0 ) deﬁned above. That is, even though µY,0 and µT,0 were obtained as separate minimizers of
the asymptotic variance of estimates of τY and τT , respectively, the pair turns out to also
minimize the asymptotic variance of the ratio estimator of θ.
The above normality result could be used to construct a conﬁdence interval for θ. However, given the issues with such “Delta method” inference, we recommend constructing conﬁdence sets for θ via the Anderson-Rubin-type approach in Noack and Rothe (2021).
6. SIMULATIONS
In this section, we compare the ﬁnite sample performance of our proposed estimator for
diﬀerent ﬁrst-stage estimation methods in a Monte Carlo study.
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6.1. Setup. We consider four diﬀerent data generating processes (DGPs) in our simulations,
which are index by a parameter L ∈ {0, 4, 10, 25} that determines the complexity of how the
covariates can aﬀect the outcome. In each DGP, the running variable Xi follows the uniform
distribution over [−1, 1], there are four independent covariates Zi , which are distributed
uniformly over [−1 + x2 , 1 + x2 ]4 conditional on Xi = x, and the outcome is generated as:
Yi = 1{Xi ≥ 0} + µL (Xi , Zi ) + εi ,
µL (Xi , Zi ) = sign(Xi ) · (Xi +

Xi2

− 2 (Xi −

εi ∼ N (0, 0.25),
0.1)2+ )

+ ῑL (ρ)

L
X

bl (Zi ),

l=1

where the terms bl (Zi ), l ∈ [L], are Hermite polynomials of the covariates. For positive
L and ρ, we choose the coeﬃcient ῑL (ρ) such that V[µL (0, Zi )|Xi = 0] = ρ2 V[εi ]. In this
deﬁnition, ρ represents the signal to noise ratio at the cutoﬀ given the treatment status.
It determines the scope for improvements from using covariates, but it does not aﬀect the
relative performance of diﬀerent covariate adjustments. We report simulation results for
ρ = 3 in the main text, and for further values in Appendix C. The results are based on 5, 000
replications of sample with size n = 2, 000.
We consider in total seven implementations of our proposed procedure with diﬀerent
ﬁrst-stage estimators. For baseline comparisons, we consider: (i) the standard RD estimator with no covariate adjustments; (ii) the infeasible, optimal RD estimator with covariate
adjustments based on the true conditional expectation function; (iii) the infeasible RD estimator with adjustments based on the best linear prediction on the population level of the
true conditional expectation function given the four baseline covariates. We also consider
four feasible adjustment functions based on: (iv) a linear regression given the four covariates;
(v) a local linear regression given the four covariates; (vi) a post-lasso regression given a total
of 200 transformation terms based on the four covariates; and (vii) a random forest with the
four baseline covariates. In the ﬁrst stage of the feasible procedures, the observations are
weighted using triangular kernel weights with the bandwidth that was used for the standard
RD estimator without covariates.
In each simulation run, we use the bias-aware approach of Armstrong and Kolesár (2018,
2020) to select the bandwidth for our estimators, and to compute a conﬁdence interval. This
requires specifying a smoothness bound, which we set to its population value in each DGP.
The main qualitative conclusions of our simulation study also hold with other methods for
bandwidth selection and conﬁdence interval construction, such as robust bias corrections
and undersmoothing. We present these results in Appendix C. There we also compare our
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Cov

Table 1: Simulation Results
Bias SD
CI
h
Cov

DGP 1: L=0

Bias

SD

CI

h

DGP 2: L=4

Standard
Optimal Inf
Linear Inf

.970 -.014 .074 .324 .432
.970 -.014 .074 .324 .432
.970 -.014 .074 324 432

.961 -.071 .186 .818 .688
.966 -.015 .075 .325 .432
966
-15
75 .325 .432

Linear
Local Linear
Lasso
Forest

970
.970
.967
.968

.967 -.015 .075 .326 .433
.968 -.014 .075 .327 .433
.966 -.021 .088 .383 .466
.967 -.021 .087 .379 .465

-.014
-.014
-.014
-.015

.074 .327 .433
.074 .327 .433
.076 .331 .436
.076 .331 .436

DGP 3: L=10

DGP 4: L=25

Standard
Optimal Inf
Linear Inf

.964 -.095 .191 .876 .793
.965 -.013 .076 .325 .432
.967 -.048 .127 .562 .618

.959 -.063 .185 .810 .685
.969 -.013 .074 .324 .432
.968 -.043 .103 .472 .590

Linear
Local Linear
Lasso
Forest

.959
.963
.962
.966

.965 -.043 108 .492 588
.968 -.016 82 .359 .456
.968 -.014 .077 .340 .443
.971 -.022 .093 .413 .490

-.040
-.016
-.020
-.019

.137 .591 .597
.083 .356 .452
.092 .391 .467
.085 .372 .469

Notes: Results based on 5000 Monte Carlo draws. Columns show results for simulated coverage
of conﬁdence intervals with 95% nominal level (Cov); the bias (Bias); the Standard Deviation
(SD); the average conﬁdence interval length (CI); and the average selected bandwidth (h).

estimators to the linear covariates adjustment method proposed by Calonico et al. (2019).6
6.2. Simulations Results. Table 1 reports estimation and inference results for diﬀerent
types of adjustments. All CIs have simulated coverage rates slightly above the nominal one.
This is because the bias-aware approach accounts for the “worst-case” smoothing bias, which
is not achieved in the considered models. First, we compare the standard RD estimator and
the infeasible estimators. In DGP 1, these estimators are numerically equal. In DGPs 2–4,
where the covariates have some explanatory power for the outcome, the infeasible estimators
have a substantially lower standard deviation than the standard estimator has. If the linear
6

All computations are carried out with the statistical software R. The Hermit-polynomials are computed
using the package calculus. To implement the ﬁrst-stage estimators, we use the following packages: np
for local polynomial regressions; glmnet for lasso regressions; grf for random forests, where predictions are
based on 200 trees. In the second stage, a triangular kernel is used and EHW standard errors are computed.
The bias-aware approach is based on the package RDHonest, and the other two approaches are implemented
using the package rdrobust.
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model is misspeciﬁed, the standard deviation of the optimal infeasible estimator is much
smaller than that of the infeasible estimator with linear adjustments. We now turn to
the feasible covariate-adjusted RD estimators. As predicted by Theorem 1, their standard
deviations are close to those of their respective infeasible counterpart, with only a very minor
increase due to ﬁrst-stage estimation error.
In Figures 1 and 2, we compare the diﬀerence between the optimal infeasible RD estimator
and two feasible ones: namely those with adjustments based on local linear regression and
post-lasso regression for several choices of the tuning parameters (in each simulation draw,
we ﬁnd the MSE-optimal tuning parameters via cross-validation, and then scale it down or
up by diﬀerent factors). To facilitate comparisons of diﬀerent covariate adjustments, in each
simulation draw we use the bandwidth selected for the standard RD estimator in the second
stage across all diﬀerent methods. We consider two sample sizes, n = 2, 000 and n = 10, 000.
We normalize the diﬀerence by the standard error of the optimal infeasible RD estimator.
In Figure 1, we observe that the normalized diﬀerence between the estimators is relatively
small for a wide range of bandwidths around the optimal one. By comparing panels (a)
and (b), we can see that these normalized diﬀerences become smaller as the sample size
increases, which illustrates the asymptotic equivalence result in part (i) of Theorem 1. For
a given sample size, the average absolute value of the normalized diﬀerences is U-shaped as
a function of the bandwidth. If the bandwidth chosen in the ﬁrst stage is too small, then
the local linear estimator is very unstable. In this case, the property in Assumption 3 is not
a good description of its ﬁnite-sample behavior, and the equivalence result in Theorem 1
fails. If the bandwidth is chosen to be too large, the local linear estimator has a relatively
small variance, but it might be heavily biased, and it is eﬀectively very similar to the linear
estimator. In this case, the equivalence to an infeasible estimator holds with a diﬀerent
limiting sequence µ̄. We expect the estimator to be less eﬃcient, but we emphasize that our
inference procedure remain valid in this case.
Figure 2 shows a very similar pattern as Figure 1. If the penalty parameter in the lasso
regression is chosen to be too small, eﬀectively all covariates are classiﬁed as relevant, and
the ﬁrst-stage estimator has a high variance. In contrast, if the penalty parameter is chosen
to be too large, very few covariates are classiﬁed as relevant. In this case, the RD estimator
behaves similarly to the standard RD estimator.
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(a) Sample size n = 2, 000.
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(b) Sample size n = 10, 000.
Figure 1: Normalized diﬀerence of RD estimates with local linear adjustments.
Notes: Diﬀerence between optimal infeasible and feasible RD estimate normalized by standard deviation
of infeasible estimator. We consider various scaling factors for the cross-validated MSE-optimal ﬁrst-stage
bandwidth. Simulations are based on DGP 3. Panel (a) shows simulation results for n = 2, 000, and Panel
(b) for n = 10, 000.
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(a) Sample size n = 2, 000.
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(b) Sample size n = 10, 000.
Figure 2: Normalized diﬀerence of RD estimates with post-lasso regression adjustments.
Notes: Diﬀerence between optimal infeasible and feasible RD estimate normalized by standard deviation
of infeasible estimator. We consider various scaling factors for the cross-validated MSE-optimal ﬁrst-stage
penalty parameter. Simulations are based on Model 3. Panel (a) shows simulation results for n = 2, 000,
and Panel (b) for n = 10, 000.
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7. CONCLUSIONS
We have propose a novel class of estimators that can make use of covariate information more
eﬃciently than the linear adjustment estimators that are currently used widely in practice.
In particular, our approach allows the use of modern machine learning tools to adjust for
covariates, and is at the same time largely unaﬀected by the “curse of dimensionality”. Our
estimator is also easy to implement in practice, and can be combined in a straightforward
manner with existing methods for bandwidth choice and the construction of conﬁdence intervals. For this reason, we expect it to be attractive for a wide range of economic applications.
A. PROOFS OF MAIN RESULTS
A.1. Additional Notation. We use the following notation throughout the proofs. The
realizations of the running variable are denoted by Xn = {Xi }i∈[n] . For s ∈ [S], i ∈ Is(i) , and
j ∈ {0, 1}, we deﬁne the local linear weights as
(j)

(j)

(j)

wi,s (h) = wi,s,+ (h) − wi,s,− (h),
−1 e
wi,s,+ (h) = e⊤
j+1 Qs,+ Xi K(Xi /h)1{Xi ≥ 0},
(j)

Qs,+ =

X

ei , X
ei⊤ 1{Xi ≥ 0},
K(Xi /h)X

i∈Is

−1 e
wi,s,− (h) = e⊤
j+1 Qs,− Xi K(Xi /h)1{Xi < 0},
(j)

Qs,− =

X

ei X
ei⊤ 1{Xi < 0},
K(Xi /h)X

i∈Is

ei = (1, Xi )⊤ . We omit the index s if the sum is taken over the whole sample and we
with X
omit the superscript (j) if j = 0. Further, for µ ∈ M, we let
Ts,+ (µ) =

X

ei µ(Zi )1{Xi ≥ 0}
K(Xi /h)X

i∈Is

Ts,− (µ) =

X

ei µ(Zi )1{Xi < 0}.
K(Xi /h)X

i∈Is

With m(x; µ) = E[µ̄(Zi )−µ(Zi )|Xi = x], we also deﬁne β0 (µ) = m(0; µ), β1⋆ (µ) = ∂x m(x; µ)|x=0⋆ ,
and further β ⋆ (µ) = (β0 (µ), β1⋆ (µ)) for ⋆ ∈ {+, −}. Let H = diag(1, h) and I2 = diag(1,1).
A.2. Proof of Theorem 1. The proof of Theorem 1 is preceded by two lemmas.
Lemma A.1. Suppose that Assumption 2 holds. Then for all s ∈ [S] it holds that:
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(i) For all j ∈ N,
1 X
K(Xi /h)(Xi /h)j Ti = ν̄j fX (0+ ) + oP (1),
nh i=1
n

1 X
K(Xi /h)(Xi /h)j (1 − Ti ) = ν̄j fX (0− ) + oP (1),
nh i=1
n

S X
1 X
K(Xi /h)(Xi /h)j Ti =
K(Xi /h)(Xi /h)j Ti + OP ((nh)−1/2 ),
nh i=1
nh i∈I
n

s

1
nh

n
X

K(Xi /h)(Xi /h)j (1 − Ti ) =

i=1

S X
K(Xi /h)(Xi /h)j (1 − Ti ) + OP ((nh)−1/2 ).
nh i∈I
s

(ii) For j ∈ {0, 1}, h2j

X

wi,s (h)2 = OP ((nh)−1 ) and hj
(j)

i∈Is

X

(j)

|wi,s (h)Xi2 | = OP (h2 ).

i∈Is

Proof. This follows from standard kernel calculations.
Lemma A.2. Suppose that Assumptions 1–4 hold. Then
⊤
−1
G(j)
bs ) − β ⋆ (µ̄ − µ
bs )) = Op (rn (h2 + (nh)−1/2 ))
s,⋆ ≡ ej+1 H(Qs,⋆ Ts,⋆ (µ̄ − µ

for all s ∈ [S], ⋆ ∈ {+, −}, and j ∈ {0, 1}.
(j)

Proof. We analyze the expectation and variance of Gs,⋆ conditional on Xn and (Wj )j∈Isc .
First, we consider the expectation. It holds with probability approaching one that
|E[G(j)
s,⋆ |Xn , (Wj )j∈Isc ]| =

X

(j)

bs (Zi )|Xi , (Wj )j∈Isc ]
wi,s,⋆ (h)E[µ̄(Zi ) − µ

i∈Is

≤ sup
µ∈Tn

X

(j)

wi,s,⋆ (h)E[µ̄(Zi ) − µ(Zi )|Xi ]

i∈Is

By Taylor’s theorem with the mean-value form of the remainder, it holds that
1
m(Xi ; µ) = m(0; µ) + ∂x m(x; µ)|x=0⋆ Xi + ∂x2 m(e
xi ; µ)Xi2 ,
2
for some x
ei between 0 and Xi . Using standard local linear algebra and the triangle inequality,
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we obtain that
1 X (j)
wi,s,⋆ (h)∂x2 m(e
xi ; µ)Xi2
µ∈Tn 2
i∈Is
X (j)
1 2
≤ sup sup
|∂x m(x; µ)|
wi,s,⋆ (h)Xi2 = Op (rn h2 ),
µ∈Tn x∈Xh \{0} 2
i∈I

|E[G(j)
s,⋆ |Xn , (Wj )j∈Isc ]| ≤ sup

s

where we use Lemma A.1 and Assumption 4 in the last step.
Second, we consider the conditional variance. It holds with probability approaching one
that

 X (j)


V G(j)
wi,s,⋆ (h)2 V µ̄(Zi ) − µ
bs (Zi )|Xn , (Wj )j∈Isc
s,⋆ |Xn , (Wj )j∈Isc =
i∈Is

≤ sup
µ∈Tn

X

(j)

wi,s,⋆ (h)2 E[(µ̄(Zi ) − µ(Zi ))2 |Xi ]

i∈Is

≤ sup sup E[(µ̄(Zi ) − µ(Zi ))2 |Xi = x]
µ∈Tn x∈Xh

=

X

(j)

wi,s,⋆ (h)2

i∈Is

Op (rn2 (nh)−1 ),

where we use Lemma A.1 and Assumption 3 in the last step. The conditional convergence
implies the unconditional one (see Chernozhukov et al., 2018, Lemma 6.1), which concludes
the proof.
Proof of Theorem 1. We prove the three parts separately.
Part (i) It holds that:
τbCF (h; µ
b) − τb(h; µ̄)
=

e⊤
1

S
X


Q−1
bs ) − Q−1
bs )
+ Ts,+ (µ̄ − µ
− Ts,− (µ̄ − µ

s=1

= e⊤
1

S
X

−1
Q−1
bs ) − β + (µ̄ − µ
bs )) + e⊤
+ Qs,+ (Qs,+ Ts,+ (µ̄ − µ
1

s=1

− e⊤
1

S
X

S
X

+
Q−1
bs )
+ Qs,+ β (µ̄ − µ

s=1
−1
Q−1
bs ) − β − (µ̄ − µ
bs )) − e⊤
− Qs,− (Q−,s Ts,− (µ̄ − µ
1

s=1

S
X
s=1

≡ A1 + A2 − A3 − A4 .
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−
Q−1
bs ).
− Qs,− β (µ̄ − µ

In the following, we consider each of the four terms separately. First, note that
A1 =

−1
e⊤
1H

S
X

−1
HQ−1
Qs,+ H −1 H(Q−1
bs ) − β + (µ̄ − µ
bs ))
+ HH
s,+ Ts,+ (µ̄ − µ

s=1

By Lemma A.1, for all s ∈ [S], it holds that
−1
HQ−1
Qs,+ H −1 =
+ HH

1
I2 + OP ((nh)−1/2 ),
S

(A.1)

where throughout the proof we assume that the term OP ((nh)−1/2 ) has conformable dimen−1
2
sions. Using Lemma A.2 and noting that e⊤
= e⊤
1H
1 , we obtain that A1 = Op (rn (h +
(nh)−1/2 )).
Second, it holds that
−1
A2 = e⊤
1H

S
X

−1
Qs,+ H −1 H β + (µ̄ − µ
bs ).
HQ−1
+ HH

s=1

Using equation (A.1), we obtain that
S
1X ⊤
A2 =
(e + Op ((nh)−1/2 ))H β + (µ̄ − µ
bs )
S s=1 1
S
1X
β0 (µ̄ − µ
bs )(1 + Op ((nh)−1/2 )) + hβ1+ (µ̄ − µ
bs )Op ((nh)−1/2 )
=
S s=1
S
1X
=
β0 (µ̄ − µ
bs ) + Op (rn (nh)−1/2 ),
S s=1

where we use the fact β0 (µ̄ − µ
bs ) = Op (rn ) by Assumption 3 and hβ1+ (µ̄ − µ
bs ) = Op (rn h) by
7
Assumption 4 for all s ∈ [S].
Using analogous calculations, we can show that A3 = OP (rn (h2 + (nh)−1/2 )) and A4 =
P
S
1
bs ) + Op (rn (nh)−1/2 ), which concludes the proof of part (i).
s=1 β0 (µ̄ − µ
S
Part (ii). By the conditional version of Lyapunov CLT, we obtain that
se(h; µ̄)−1 (b
τ (h; µ̄) − E[b
τ (h; µ̄)|Xn ]) → N (0, 1).
where se2 (h; µ̄) =

Pn
i=1

wi (h)2 V[Mi (µ̄)|Xi ]. Using L-Lipschitz continuity of V[Mi (µ̄)|Xi = x]

7

Theorem 1 remains true if we weaken our Assumption 4 for the ﬁrst derivative (j = 1) to:
supµ∈Tn ∂x1 E [µ(Zi ) − µ̄(Zi )|Xi = x] |x=0⋆ = O(rn /h) for ⋆ ∈ {+, −}. However, we expect that the convergence rates for the ﬁrst and second derivative will typically be the same.
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in x, we obtain that
2

se (h; µ̄) =

n
X

−

wi,− (h) V[Mi (µ̄)|Xi = 0 ] +
2

n
X

i=1

wi,+ (h)2 V[Mi (µ̄)|Xi = 0+ ] + op ((nh)−1 ).

i=1

It then follows from standard local linear arguments, that nh se2 (h; µ̄) − V (µ̄) = oP (1) and
E[b
τ (h; µ̄)|Xn ] − τ = B(µ̄)h2 + op (h2 ).
Part (iii). We prove this part by showing a more general result. Let
Ve (µ) = ω+ V[Mi (µ)|Xi = 0+ ] + ω− V[Mi (µ)|Xi = 0− ],
ω−
ω+
µ∗0 (z) =
µ−
µ+
(z).
0 (z) +
ω− + ω+
ω− + ω+ 0
We will show that for all µ(a) , µ(b) ∈ M, it holds that Ve (µ(a) ) < Ve (µ(b) ) if and only if
V[µ(a) (Zi ) − µ∗0 (Zi )|Xi = 0] < V[e
µ(b) (Zi ) − µ∗0 (Zi )|Xi = 0]. The statement from Theorem 1
then follows by setting ω+ = ω− .
Fix µ ∈ M. By basic properties of the conditional expectation, we have that
+
−
−
e
Ve (µ) = ω+ V[Yi − µ+
0 (Zi )|Xi = 0 ] + ω− V[Yi − µ0 (Zi )|Xi = 0 ] + R(µ),

where the ﬁrst two terms on the right-hand side do not depend on µ, and
−
e
R(µ)
= ω+ V[µ+
0 (Zi ) − µ(Zi )|Xi = 0] + ω− V[µ0 (Zi ) − µ(Zi )|Xi = 0].

Further, it holds that



ω−
+
−
∗
(µ (Zi ) − µ0 (Zi )) − (µ(Zi ) − µ0 (Zi ))|Xi = 0
ω+ + ω− 0


−ω+
+
−
∗
+ ω− V
(µ (Zi ) − µ0 (Zi )) − (µ(Zi ) − µ0 (Zi ))|Xi = 0
ω+ + ω− 0
e ∗0 ) + (ω+ + ω− )V[µ(Zi ) − µ∗0 (Zi )|Xi = 0],
= R(µ

e
e ∗0 + µ − µ∗0 ) = ω+ V
R(µ)
= R(µ

which concludes this proof.
B. STANDARD ERROR
To estimate the variance of our estimator, we use a standard error of the form
b) =
se
b CF (h; µ
2

n
X

µs(i) ),
σi2 (b
wi2 (h)b

i=1
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where σ
bi2 (b
µs(i) ) is an estimator of the variance σi2 (µ̄) = V[Mi (µ̄)|Xi ]. Following Noack and
Rothe (2021), we consider a version of the nearest neighbor variance estimator of Abadie
et al. (2014).8 We choose some R, say R = 5, which determines the number of neighbors
to be used in the variance estimation. Based on the realized running variable, for each unit
i, we determine its R nearest neighbors that are on the same side of the cutoﬀ and within
the same fold as unit i. Our estimator σ
bi2 (b
µs(i) ) is proportional to the squared diﬀerence
between Mi (b
µs(i) ) and its best linear predictor given the running variable based on its R
nearest neighbors. We ﬁrst introduce the notation. Let µ ∈ Mn . We denote the standard
P
error by se
b 2 (h; µ) = ni=1 wi2 (h)b
σi2 (µ), where
1
σ
bi2 (µ) =
1 + Hi
ei
vj,i = X

Mi (µ) −

!2

X

vj,i Mj (µ)

,

j∈Ri

X

!−1
ej
e ⊤X
X
j

e ⊤,
X
j

j∈Ri

ei
Hi = X

X

!−1
ej
e ⊤X
X
j

fi
X

j∈Ri

ei = (1, Xi ) and Ri is the set of the R nearest neighbors of unit i based on the running
Here X
variable and within the same fold and on the same side of the cutoﬀ as unit i. We note that
P
P
by basic OLS algebra, the weights vj,i satisfy:
j∈Ri vj,i (Xj − Xi ) = 0, and
j∈Ri vj,i = 1,
P
2
j∈Ri vj,i = Hi .
The following proposition establishes its consistency under standard regularity conditions.
Proposition B.1. Suppose that Assumptions 1–5 hold and that for all x ∈ X and n ∈ N,
supµ∈Tn E[(Mi (µ) − E[Mi (µ)|Xi ])4 |Xi = x] is bounded by B. Then
nh se
b 2CF (h; µ
b) − V (µ̄) = oP (1).
P
P
b 2s (h; µ). Similarly,
We further let se
b 2s (h; µ) = i∈Is wi2 (h)b
σi2 (µ), so that se
b 2 (h; µ) = Ss=1 se
P
P
we deﬁne se2s (h; µ) = i∈Is wi2 (h)σi2 (µ) and se2 (h; µ) = Ss=1 se2s (h; µ).
Proof of Proposition B.1. Using the triangular inequality, we ﬁrst note that
bn ) − se2 (h; µ̄)| + |nh se2 (h; µ̄) − V (µ̄)|
bn ) − V (µ̄)| ≤ nh|se
b 2CF (h; µ
|nh se
b 2CF (h; µ
bs ) − se2s (h; µ̄)| + op (1),
≤ S max nh|se
b 2s (h; µ
s∈[S]

8
Alternatively, one can use the Eicker-Huber-White (EHW) standard error, but it might be conservative
in ﬁnite samples; see the discussion by Abadie et al. (2014) in the standard nonparametric regression context.
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where the second inequality follows from the proof of Theorem 1. The main step in this
proof is to show that for any s ∈ [S] and conditional on Xn and (Wj )j∈Isc , it holds that
nh|se
b 2s (h; µ
bs ) − se2s (h; µ̄)| = oP (1).

(B.1)

We remark that the condition in (B.1) would essentially follow from the results of Noack and
Rothe (2021) if V[Mi (µ)|Xi = x] was L-Lipschitz continuous for all µ ∈ Tn . Our setting is
diﬀerent as we impose L-Lipschitz continuity only for the function V[Mi (µ̄)|Xi = x]. Still,
some steps of our proof follow from the proof of Theorem 4 of Noack and Rothe (2021). We
note that
se
b 2s (h; µ
bs ) − se2s (h; µ̄)
= (E[se
b 2s (h; µ̄)|Xn ] − se2s (h; µ̄)) + (se
b 2s (h; µ
bs ) − E[se
b 2s (h; µ
bs )|Xn , (Wj )j∈Isc ])
+ (E[se
b 2s (h; µ
bs ) − se
b 2s (h; µ̄)|Xn , (Wj )j∈Isc ])
≡ G1 + G2 + G3 .
In the following, we show that each of the three terms is of order oP ((nh)−1 ). First, it
follows from the proof of Theorem 4 of Noack and Rothe (2021) that G1 = oP ((nh)−1 ) as
V[Mi (µ̄)|Xi = x] is L-Lipschitz continuous by Assumption 5.
Second, it is clear that E[G2 |Xn , (Wj )j∈Isc ] = 0. Further, it follows that with probability
approaching one,
h
2 i
= op ((nh)−2 ),
E[G22 |Xn , (Wj )j∈Isc ] ≤ sup E se
b 2s (h; µ) − E[se
b 2s (h; µ)|Xn ]
µ∈Tn

where the last equality follows from the proof of Theorem 4 of Noack and Rothe (2021) using
boundedness of the fourth conditional moment assumed in the proposition.
We now consider G3 . We note that with probability approaching one
|G3 | = |

X

wi2 (h)E[b
σi2 (b
µs ) − σ
bi2 (µ̄)|Xn , (Wj )j∈Isc ]|

i∈Is

≤

sup

sup E[b
σj2 (µ) − σ
bj2 (µ̄)|Xn ]

j∈Is : Xj ∈Xh µ∈Tn

X
i∈Is
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wi (h)2 .

Following Noack and Rothe (2021), we note that for any µ ∈ Tn and any i ∈ Is
!
X
1
2
2
2
2
E[b
σi (µ)|Xn ] = σi (µ) +
v (σ (µ) − σi (µ))
1 + Hi j∈R j,i j
i
!2
X
1
E[Mi (µ)|Xi ] −
vj,i E[Mj (µ)|Xj ] .
+
1 + Hi
j∈R

(B.2)

i

In the following, we denote by C a positive constant, which might be diﬀerent from line to
line. By a second-order Taylor-expansion and by a simple OLS-algebra, it holds for the last
term in the above expression that
!2
X
1
sup
sup
E[Mi (µ)|Xi ] −
vj,i E[Mj (µ)|Xj ]
(B.3)
i∈Is : Xi ∈Xh µ∈Tn 1 + Hi
j∈R
i

≤C

sup

sup |Xi − Xj |4 sup sup (∂x2 E[Mi (µ)|Xi = x])2 = op (1),

i∈Is : Xi ∈Xh j∈Ri

x∈Xh µ∈Tn

P
1
2
2
where we used that 1+H
j∈Ri vj,i ≤ 1 and supx∈Xh supµ∈Tn ∂x E[Mi (µ)|Xi = x] = O(1) by
i
Assumptions 4 and 5.
Using (B.2) and (B.3), we obtain that
σi2 (µ) − σ
sup |E[b
bi2 (µ̄)|Xn ]|

sup

i∈Is : Xi ∈Xh µ∈Tn

≤

sup

sup σi2 (µ) − σi2 (µ̄) +

i∈Is : Xi ∈Xh µ∈Tn

≤C

sup

1
1 + Hi

X

!
2
vj,i
(σj2 (µ) − σj2 (µ̄) + σi2 (µ̄) − σi2 (µ))

+ op (1)

j∈Ri

sup |σi2 (µ) − σi2 (µ̄)| + op (1)

i∈Is : Xi ∈Xh µ∈Tn

≤ C sup sup |V[Mi (µ)|Xi = x] − V[Mi (µ̄)|Xi = x]| + op (1)
x∈Xh µ∈Tn

= op (1),
P
P
1
2
2
−1
where we used that 1+H
j∈Ri vj,i ≤ 1 and Assumption 3. Since
i∈Is wi (h) = Op ((nh) ),
i
we conclude that G3 = oP ((nh)−1 ).
C. ADDITIONAL SIMULATION RESULTS
In this section, we present further simulation results. Table C.1 extends the results in
Table 1. Apart from the bias-aware approach discussed in the main text, we consider bandwidth choices and conﬁdence intervals based on robust bias corrections and undersmoothing
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(the bandwidth for undersmoothing is chosen as n−1/20 times the MSE-optimal bandwidth
estimated using the rdrobust package). The qualitative conclusions about the relative performance of diﬀerent ﬁrst-stage estimators in diﬀerent models remain the same as discussed
in the main text.
The simulated average bandwidth of robust bias corrections is on typically smaller than
that of the bias-aware approach, and the conﬁdence intervals are larger. This feature is
known in the nonparametric literature. In the last two rows of Table C.1, we report the
results using the procedure of Calonico et al. (2019). In this simulation setting, they are
essentially the same as the results for our procedure with a linear adjustment function.
In Table C.2, we report simulation results for DGP 3 for diﬀerent values of the signal-tonoise ratio. This illustrates that the potential gains from covariate adjustments are large if
the additional covariates explain a large portion of variation in the outcome variable.
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Table C.1: Full simulation results for diﬀerent numbers of relevant covariates
Cov

Bias

SD

CI

h

Cov

Model 1: L=0

Bias

SD

CI

h

Cov

Model 2: L=4

Bias

SD

CI

h

Cov

Model 3: L=10

Bias

SD

CI

h

Model 4: L=25
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Standard

BA 0.970
RBC 0.948
US 0.949

-0.014 0.074 0.324 0.432
0.015 0.110 0.415 0.299
0.006 0.113 0.425 0.205

0.961 -0.071 0.186 0.818 0.688
0.947 0.000 0.351 1.309 0.305
0.945 -0.011 0.360 1.334 0.209

0.964 -0.095 0.191 0.876 0.793
0.946 0.011 0.371 1.400 0.269
0.947 0.001 0.380 1.424 0.184

0.959
0.942
0.943

-0.063 0.185 0.810 0.685
0.016 0.393 1.457 0.245
0.008 0.405 1.484 0.167

Optimal Inf

BA 0.970
RBC 0.948
US 0.949

-0.014 0.074 0.324 0.432
0.015 0.110 0.415 0.299
0.006 0.113 0.425 0.205

0.966 -0.015 0.075 0.325 0.432
0.943 0.013 0.110 0.415 0.299
0.945 0.003 0.113 0.425 0.204

0.965 -0.013 0.076 0.325 0.432
0.936 0.015 0.113 0.415 0.299
0.937 0.005 0.116 0.426 0.204

0.969
0.942
0.944

-0.013 0.074 0.324 0.432
0.015 0.110 0.414 0.300
0.005 0.113 0.425 0.205

Linear Inf

BA 0.970
RBC 0.948
US 0.949

-0.014 0.074 0.324 0.432
0.015 0.011 0.415 0.299
0.006 0.113 0.425 0.205

0.966 -0.015 0.075 0.325 0.432
0.943 0.013 0.011 0.415 0.299
0.945 0.003 0.113 0.425 0.204

0.967 -0.048 0.127 0.562 0.618
0.937 0.013 0.234 0.859 0.263
0.941 0.003 0.239 0.876 0.180

0.968
0.946
0.942

-0.043 0.103 0.472 0.590
0.007 0.199 0.754 0.197
0.002 0.205 0.766 0.134

Linear

BA 0.970
RBC 0.948
US 0.951

-0.014 0.074 0.327 0.433
0.015 0.110 0.418 0.300
0.006 0.113 0.429 0.205

0.967 -0.015 0.075 0.326 0.433
0.943 0.014 0.111 0.418 0.299
0.946 0.003 0.114 0.428 0.205

0.959 -0.040 0.137 0.591 0.597
0.940 0.016 0.250 0.918 0.279
0.942 0.006 0.256 0.937 0.191

0.965
0.943
0.944

-0.043 0.108 0.492 0.588
0.007 0.216 0.810 0.203
0.002 0.222 0.824 0.139

Local Linear

BA 0.970
RBC 0.945
US 0.949

-0.014 0.074 0.327 0.433
0.015 0.111 0.419 0.300
0.006 0.114 0.429 0.205

0.968 -0.014 0.075 0.327 0.433
0.945 0.014 0.111 0.419 0.299
0.947 0.004 0.114 0.430 0.205

0.963 -0.016 0.083 0.356 0.452
0.943 0.014 0.127 0.471 0.293
0.943 0.005 0.131 0.482 0.200

0.968
0.942
0.943

-0.016 0.082 0.359 0.456
0.015 0.130 0.490 0.278
0.005 0.135 0.501 0.190

Lasso

BA 0.967
RBC 0.944
US 0.951

-0.014 0.076 0.331 0.436
0.015 0.116 0.435 0.288
0.007 0.118 0.445 0.197

0.966 -0.021 0.088 0.383 0.466
0.950 0.012 0.138 0.521 0.291
0.947 0.002 0.142 0.532 0.199

0.962 -0.020 0.092 0.391 0.467
0.939 0.013 0.146 0.530 0.295
0.941 0.004 0.150 0.542 0.202

0.968
0.943
0.942

-0.014 0.077 0.340 0.443
0.011 0.132 0.490 0.243
0.005 0.135 0.500 0.166

Forest

BA 0.968
RBC 0.946
US 0.946

-0.015 0.076 0.331 0.436
0.015 0.113 0.425 0.299
0.006 0.116 0.436 0.205

0.967 -0.021 0.087 0.379 0.465
0.949 0.010 0.134 0.507 0.297
0.948 0.000 0.138 0.518 0.203

0.966 -0.019 0.085 0.372 0.469
0.940 0.010 0.152 0.560 0.233
0.943 0.003 0.155 0.570 0.159

0.971
0.940
0.943

-0.022 0.093 0.413 0.490
0.008 0.186 0.688 0.198
0.004 0.191 0.701 0.136

CCFT

RBC 0.945
US 0.944

0.014 0.110 0.413 0.297
0.006 0.114 0.422 0.203

0.939
0.940

0.934
0.934

0.943
0.935

0.007 0.201 0.746 0.196
0.002 0.208 0.752 0.134

0.013 0.111 0.413 0.297
0.003 0.114 0.422 0.203

0.013 0.235 0.851 0.263
0.003 0.241 0.863 0.180

Notes: Results based on 5000 Monte Carlo draws based on Model 3 explained in the main text. Columns show results for simulated coverage for a nominal conﬁdence level of 95% (Cov);
the mean bias (Bias); the mean Standard Deviation (SD); the mean conﬁdence interval length (CI); and the mean bandwidth (h). Bandwidth and conﬁdence intervals are constructed
based on the bias-aware approach (BA), robust bias correction (RBC), and undersmoothing (US).

Table C.2: Simulation results for diﬀerent signal-to-noise ratios
Cov

Bias

SD

CI

h

Cov

Bias

ρ=3

SD

CI

h

Cov

Bias

ρ=1

SD

CI

h

Cov

Bias

ρ=5

SD

CI

h

ρ = 10
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Standard

BA 96.2
RBC 94.7
US 94.3

-8.9
1.1
0.4

19.6
37.2
38.2

87.5 79.3
139.6 26.9
142.1 18.4

96.4
94.1
93.8

-3.1
0.8
-0.2

9.8
16.4
16.9

43.3 52.0
61.2 27.9
62.4 19.1

96.0
94.6
94.5

-14.7
0.9
-0.2

29.6
59.8
61.4

134.7 95.5
226.5 26.7
230.3 18.3

95.5
94.7
94.8

-16.8
-0.1
-0.5

58.6 241.5 99.9
118.3 446.9 26.7
120.5 454.4 18.3

Optimal Inf

BA 97.0
RBC 94.8
US 94.9

-1.4
1.5
0.6

7.4
11.0
0.113

32.4
41.5
42.5

43.2
29.9
20.5

96.6
94.3
94.5

-1.5
1.3
0.3

7.4
11.0
0.113

32.5 43.2
41.5 29.9
42.5 20.4

96.5
93.5
93.6

-1.3
1.5
0.6

7.6
0.113
11.6

32.4
41.5
42.6

43.2
29.8
20.4

96.9
94.2
94.5

-1.3
1.5
0.5

7.3
11.0
0.113

32.5
41.4
42.5

Linear Inf

BA 96.0
RBC 94.2
US 93.9

-4.8
1.2
0.6

12.9
23.1
23.8

56.2
85.8
87.5

61.9
26.4
18.0

96.2
94.0
94.4

-1.9
1.2
0.2

8.3
13.1
13.4

36.1 46.1
48.9 28.3
49.9 19.4

96.4
93.8
94.1

-8.5
1.2
0.1

18.1
35.8
36.6

81.5 76.6
131.6 25.8
134.0 17.7

0.959
94.8
95.0

-14.1
1.2
0.6

33.0
66.2
67.2

146.9 96.3
252.9 25.6
257.4 17.5

Linear

BA 96.1
RBC 94.0
US 93.9

-4.0
1.7
1.0

13.8
24.9
25.6

59.1
91.9
93.8

59.8
27.9
19.1

96.1
94.0
94.3

-1.9
1.2
0.3

8.4
13.2
13.5

36.5 45.9
49.3 28.6
50.4 19.5

95.6
94.0
94.2

-7.2
1.7
0.7

21.2
42.2
43.3

90.7 74.0
155.3 28.8
158.4 19.7

0.958
94.6
94.8

-14.1
2.3
1.0

37.0
83.4
85.5

161.5 95.4
312.8 29.0
318.8 19.8

Local Linear

BA 96.7
RBC 94.4
US 94.7

-1.7
1.5
0.7

8.2
12.5
12.9

35.6
47.1
48.2

45.1
29.3
20.1

96.5
94.2
94.3

-1.5
1.3
0.4

7.8
11.7
12.0

33.9 44.1
43.9 29.7
45.0 20.3

96.5
94.0
94.0

-1.7
1.5
0.6

8.7
13.7
14.1

37.3
50.5
51.7

46.3
28.8
19.7

97.0
94.6
94.6

-2.6
1.6
0.7

10.2
17.4
18.0

45.1
65.1
66.4

Lasso

BA 96.8
RBC 93.8
US 94.3

-2.0
1.5
0.6

9.1
14.4
14.9

39.3
53.3
54.6

46.9
29.6
20.2

96.8
94.3
94.4

-1.6
1.0
0.3

7.7
12.4
12.7

34.0 44.5
46.9 26.5
47.9 18.1

96.1
93.9
94.2

-2.7
1.5
0.6

11.5
18.5
19.1

48.4
67.7
69.2

51.0
31.1
21.3

96.2
94.1
94.2

-4.9
1.9
0.8

18.1
32.6
33.3

75.8 61.6
117.7 32.2
120.1 22.0

Forest

BA 96.6
RBC 94.1
US 94.3

-1.9
1.1
0.6

8.5
15.1
15.5

37.2
56.1
57.2

46.9
23.1
15.8

96.5
94.1
94.5

-1.6
1.1
0.2

7.7
12.1
12.4

33.7 44.3
45.3 27.7
46.2 19.0

96.7
94.5
95.0

-2.6
0.8
0.2

10.0
18.9
19.3

43.8
70.6
71.8

51.1
21.8
14.9

96.3
93.9
94.2

-5.8
0.5
0.1

14.7
31.7
32.5

64.5 64.5
116.1 20.7
118.1 14.2

CCFT

RBC 93.8
US 93.3

1.2
0.6

23.3
24.0

85.0
86.3

26.3
18.0

93.5
93.9

1.1
0.2

13.2
13.5

48.6 28.1
49.4 19.2

93.4
93.3

1.2
0.2

36.0
36.9

130.3 25.8
132.0 17.7

94.6
94.7

1.3
0.5

66.2
67.4

250.4 25.6
253.4 17.5

43.2
30.0
20.5

52.3
27.6
18.9

Notes: Results based on 5000 Monte Carlo draws based on Model 3 explained in the main text. All numbers are multiplied by 100. Columns show results for simulated
coverage for a nominal conﬁdence level of 95% (Cov); the mean bias (Bias); the mean Standard Deviation (SD); the mean conﬁdence interval length (CI); and the mean
bandwidth (h). Bandwidth and conﬁdence intervals are constructed based on the bias-aware approach (BA), robust bias correction (RBC), and undersmoothing (US).
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